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The HERA MHD stability code for helically symmetric equilibria has been supplemented by
a code for computing the perturbation energy of a vacuum field surrounding the plasma and
bounded by a conducting wall. By means of a Green’s function technique the problem is reduced
to the numerical solution of an integral equation. Extensive tests and convergence studies have

been done to verify the code.

1. Introduction

The HERA stability code [1] computes the spec-
trum of the ideal MHD stability operator of heli-
cally symmetric equilibria. HERA is a modifica-
tion of the ERATO code [2], which treats the
stability of axisymmetric equilibria. In both codes
two different procedures are provided for calculating
the potential energy of a vacuum region bounded
by the plasma surface and a surrounding conducting
wall. The first approach treats the vacuum formally
in the same way as the plasma by considering it as
a shearless and pressureless plasma. The second
method uses a Green’s function technique. The
problem is reduced to a coupled set of integral
equations on the boundaries of the vacuum region.
While the former approach has the advantage that
vacuum and plasma region are treated in one step,
the Green’s function technique allows the case of a
conducting wall at infinity to be easily solved.

In the present paper the application of the Green’s
function method to the helical case is described.
In helical geometry the main obstacles are to find
a sufficiently fast and accurate algorithm for com-
puting the Fourier-transformed Green’s function
and its normal derivative and to treat properly
the logarithmic singularities of the Green’s func-
tion and its derivative. For the axisymmetric case
in ERATO the singularities of the normal deriva-
tive are eliminated from the integral equations by
subtracting known integrals with the same singu-
larities [3], [4]. Here the Green’s function and its

Reprint requests to Max-Planck-Institut fiir Plasmaphysik,
Bibliothek, D-8046 Garching.

normal derivative are split into a regular and a
singular part. The numerical integration is then
performed, using appropriate integration formulas
for both types of integrands. This procedure works
very well even when the wall comes close to the
plasma surface.

2. The Vacuum Potential Energy

We consider a plasma configuration surrounded
by a vacuum region bounded by an infinitely con-
ducting shell (Figure 1). The vacuum field energy
O0Wy is given by

oWy =} [d3z(6B)2, (2.1)

Fig. 1. The helical plasma configuration.
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where OB, the perturbed magnetic vacuum field,
satisfies

divoB =0, rotdB=0, (2.2)
and the boundary conditions
n-0B =0 on the shell, (2.3)

n-0B =rot(§ X By)'n

on the plasma surface,

where E is the displacement vector of the perturba-
tion and By is the equilibrium magnetic field on
the plasma surface [5], [6]. The normal unit vector n
points towards the vacuum region.
The scalar potential @ solves the Eqgs. (2.2) with
0B =V® (2.4)
and where @ satisfies the Laplace equation
AD =0. (2.5)
The boundary conditions are
0®/on =0 on the shell,
0D [dn = rot (§ X By) ' n
on the plasma surface. (2.6)

Applying Green’s theorem, the potential energy
0Wy can be transformed into a surface integral
over the plasma surface:

6W—1 dia(pd
=73 | P59

»

(2.7)

To find 6 Wy, one has to determine @ on the plasma
surface in terms of 0®/0n which is given by (2.6).

This can be done by converting the differential
equation for @ (2.5) into an integral equation. It
holds that

1
@(x)='2—n
oG (x, x' 0D (x'
T a7
’ 1 oG (=, x') & () df 9.8
o | ow 2, (2.8)
with ’
G(x, ) =1/|]x— '] (2.9)

The x, x" are points on the boundary, i.e. on the
plasma surface and the shell. Denoting the potential
on the plasma surface as @p(xp) and on the shell
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as @g(xs), the integral equation divides into two
coupled equations

1 oG (xp,
dip(xp):E/[ gp’; p)’¢p( )

»

‘15 (
’_G(xlh p) ) ]d,’

1 aG(xp,xs) L
'27'£/V o’ *st(xs)dl‘

6 (= ,
D (x5) = /‘ (xp)
—G(xs,x;,)a—d’—a‘;f,i’) a
1 oG (xs, x,) ’
Dg(x))df . (2.10)

T2 on'’

8

3. Helical Coordinates and Fourier Transform

Let us introduce helical coordinates (r,(, z2),
where the angular variable is (:=¢—hz and
(r, @, 2) are cylindrical coordinates. Helically sym-
metric equilibria are configurations which depend
on r and . The parameter k controls the helical
pitch.

The plasma surface and the conducting shell
are defined by the closed curves in the plane z=0:

rp =1p(x), 7s=71s(),

to=2Co(x), Ts=1Cs(x)>

where y is an appropriately chosen curve param-
eter.

The Green’s function in helical coordinates is
of the form

G(r.{z;0, 0, 2)

0<y<2m, (3.1)

(3.2)
1

= (r2—1"2—27r7"cos ( — ' + h(z—2")) + (z—2")2)1/2.

To get the normal derivative 0G/0n, one needs the
operator df n - V on the surfaces:

. 0 . 0
dfn'V=dxdz(rr~az~+r§E (3.3)
i 1 p2h2 o
— T ),

where the dot is defined as - = 0/0y. Applying this
operator to G, one obtains 0G/cn df, where df is
the surface element.
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In the linearized stability analysis of helical
equilibria all perturbed quantities are Fourier-
transfcrmed with respect to the ignorable vari-
able z. It is therefore sufficient to consider a vacu-
um potential of the form

D (x) = D(r, () eikz, (3.4)

where k£ is the longitudinal wave number. Inte-
grating (2.10) with respect to z, one obtains

1
Dy(y) = %/(Ggp(x, 2)Po(x)

P
— Gop (2, 1) Py (x’)) dy’

L 6N By
—?n_/ os (1 %) Ds () Ay
Ds(x) = —f( (x: %) Po(x)

— Gsp (% x’)¢’§(x’)) dy,

1
—g/Gg(x, x) Ds(x)dy s
8§

(3.5)

where short notations are introduced for Green’s
function and potential to indicate that G, GN and @
are to be taken on the boundaries at points deter-
mined by y, y’. One has

Gan(2, 1) = Gr(ra(x), Ca(0); o (1), Co(x))
G (1> 7)) = GF (ra(x), Ca () 70 (X)s Co (%)) (3.6)

where the Fourier-transformed Green’s function
and its normal derivative are defined by

Gr(r,L;7.0)

+ oo eikz

3.7)

=__Ldz (2 + 72 — 277 cos(E — &' + hz) + 22)1/2

and

Gy (r, 57, 0) (3.8)
0 ¥ Q

=(—zkrr + 7' a,-(1+,«2h2) o )Gk-

The normal derivative of the potential ¢§(X) in
(3.5) is defined by

DY (y)etzdy dz = n - V (Py(r, £) ei*?) df . (3.9)
For the spectral energy density it follows from (2.7),
(3.4) and (3.9) that

Wr=nm f@N* ) Dy (x)dy - (3.10)
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For HERA the vacuum energy has to be expressed
in terms of the normal diplacement of the plasma
€ - n at the plasma surface, which is obtained by
means of (2.6). It follows that

DN (y) ekzdy dz = rot (E X B) - ndf, (3.11)
where the magnetic field is given by
B=T(y)u+uxVy,
1
= o geyry (hregp + ez). (3.12)
Furthermore, flux coordinates are introduced: ‘

p(r, £), x(r, {) with the Jacobian J-1= (Vyp X Vy)u.
The poloidal variable y is chosen such that Ju2=
f(y) is a function of p only [1]. On the plasma sur-
face, the variable y is identified with the previously
defined curve parameter. With these definitions
one obtains

(3.13)

H 1 G
D (x) = T quX—}-——X

with

X = (§Vy)u2J, q:JuZ(T(y)) —hrz—f).

4. Properties of the Green’s Function

The numerical solution of the integral equations
requires numerous evaluations of the Green’s func-
tions (proportional to N2). A direct computation of
the integrals (3.7) and (3.8) seems tedious and dif-
ficult. The integrands depend on r, 7', { —’ and
on the parameters k and k, by which two different
periodicities are introduced. Furthermore, the inte-
grals converge very slowly as sint/t for t—oo.
Therefore, instead of computing these integrals,
the Green’s function and its normal derivative are
transformed into a series of products of modified
Bessel functions I,,, K,,.

By means of the expansion of the point charge
Green’s function in cylindrical coordinates [7]

1 1 &=
= > fdkexp{zmqp o)}

= —o00 —oo0

exp{ik(z—2)}bm(| k|, |k|7)
(4.1)

[E=ri

where

In(r)Knp(r), r=r,

St b { In() Em(r), e



862 P. Merkel - The MHD Stability of Helically Symmetric Equilibria

one finds for G} and G} the Fourier series expansion

+ oo
Gr(r, 057, 0)=2 _Z exp{im({ —{)} (43)

“bu(r|k —mh|, 7' |k —mh|)

and

+ o0
GY(r g, ¢)=2 2 exp{im(C—{)}

7’ 0
| (- 2y po_ 252\ FE
( thkr'y —im(1l +r h)r,—i—r@‘ar,)
“bu(r|k—mh|, 7|k —mh]). (4.4)

To study the convergence properties of these series
and to find the singularities of these functions, the
uniform asymptotic expansion of b,, for m— 4 o
is very useful. That expansion is found by means
of the uniform asymptotic expansion of the modi-
fied Bessel functions, which are extensively dis-
cussed by Olver [8]; see also [9]. Taking these
expansions, one gets for b,, the following expression
including all terms of the order O (m-1), O(m=2):

1
pusym — 2] (Q—Q,—)ﬁexP{—lmHT —|}
m k
exp _Wflg ol (4.5)
1 1 k 1 1
T m 2h 0?2 o2
1 k2 1 1 1(1
— lml 252 Q, _Q ) QI
1 5 1 1 )
o| | T )
with
o= (1 4 r2h2)l/z, r=0+’1"1n9_1 ’
2 o+1

’

o', 7' are the same functions depending on #’,
o’ respectively.

The Green’s functions G and GY become singular
at r=17", {={'. These singularities are completely
determined by the terms of the order O(m~1) and
O(m=2) in b, because all other contributions
converge for all values of the arguments. The sin-
gularities at r=1r', { =_" do not depend on k; one
can therefore set k=0. Taking for b,, in (4.3) and
(4.4) its asymptotic value b%Y™ and including all
terms proportional to m® and m~1 in 3™ and
0/0r" b2¥™  the series can be summed up in closed
form.

The Fourier series (4.3) and (4.4) converge very
fast for ’'/r< 1, as can be seen from the asymptotic
expansion of by, (4.5). When " ~r and {~{’, the
convergence becomes very poor. To overcome this
difficulty, two effective convergence accelerating
procedures are provided. Firstly, series with the
same asymptotic behaviour proportional to m9,
m~1, m~2 which can be summed up in closed form
like (4.6) and (4.7) are subtracted. The remaining
series then converges faster. Secondly, for the sum-
mation a convergence accelerating algorithm based
on the theory of continued fraction [10] is applied.

The numerical solution of the integral equation
requires computation of the Green’s function for
each pair of mesh cells, which gives a number
proportional to n,2. To reduce the number of Bessel
function evaluations use was made of the factorial
representation I, (r) K, (') in the terms of the sum.
The modified Bessel functions are calculated in
advance for all 2n, points for m=+1, ..., +100
and the results are stored. The only time consuming
procedure then is the summation.

One obtains for the singular part of G and G} :

ey Lo L) (46)
g Reln (2" —2)
- (1 + r'2h2)1/4 (1 + r2h2)1/4
and
¥y, 13, ) @7)
o~ 2z 1, 72 .
=TASMT,) T2t axeny
where z is defined by
z=-exp{i{ — 1}, (4.8)

_ 1 hr
= 2 2 —_— ——
T ]/1+rh —{—2 n1+V——1+72h2’

and 2z’ by the primed quantities.

5. Diseretization

The boundaries are divided into n, non-aequi-
distant intervals (Figure 2). The intervals are de-
fined by the nodal points (0) j=1,2, ... and the
physical points (x) are given by the mid-points
j=1+1/2, 2+1/2.... The potential @ and its
normal derivative @N are expanded in terms of
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Fig. 2. The plasma cross-section, the surrounding conduc-
ting wall and the coordinate system.

piecewise constant finite elements f;i1/2:

Ny
Polx) = ,_zlbm/z fr+172(2)
7 s
Ds(y) = 2161+1/2 fi+172(20) »
For
Ny
Dy (x) = _Zlam/zfm/z(x) , (5.1)
=
and
1 for y<y=y+,
frrae(x) = {0 otherwise . L

Inserting these expressions in the integral equa-

tions (3.5) and integrating over y, one obtains two

coupled matrix equations:
b=Ab—Ca—Bec,
¢c=Db—Fa—Ec. (5.3)

The complex matrix elements are given by

Xi+1 Xi+1
Ap=——"7—|dy |d G 1),
£ 2n Ay x{ xsz. 2 Om2 2)
1 Ai+1 i+l
By = Jdx [ dy 65z 1),

2ndxm12 5 " a
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1 21 k1

Ch=——7—1|d dy’' G 1),
it S Apean i;f ZZ{ 2 Goo (2 %) .

where Ayji12 = y541 — y5-

The matrix elements of D, E and F are obtained
by replacing the first index p by s of the Green's
functions in (5.4).

Eliminating ¢ from (5.3), the solution yields

b=0Qa,
Q=(A—1)—BE+I)1D)!
*(C—BE+I)1F)a
where I is the unit matrix.

With (3.10), (5.1) and (5.5) the vacuum energy
(SW]C is

(5.5)

Ny, Ny

Wi =m a1 Qnarire Ay -
j=1,1=1

(5.6)

Finally, one has to express the a;j;1/2 by the normal
displacement X; on the plasma surface. From (3.13)
one derives the discretized equation

X+ X;
Aj+1/2 = Zg]+1/2 . 772V7 o
X — X
B g ———— 5.7
+ 95712 o (5.7)
with
kg 1
(1) (1) el e )
9,+1/2 (J“2)7‘+1/2 i (Ju2)j+1,2
Defining a matrix H = {Hj;} by
1w 1 ;
Hﬁ="'§95+1/2 Agie1 —gy+112: §=1,ny,
Hjj+1=—"H;"kjy 7‘213 nx_l’
H,,:=—H}, . Hy=0 otherwise, (5.8)
and a matrix {) by
Q= Qudyjnye, (5.9)

one ends up with
OWr=X+WX, with W=HQH, (5.10)

where X ={X} is the displacement vector. (H+ is
the complex conjugate and transpose of H.)

In the numerical program all N-dimensional
complex vectors and N X N matrices are repre-
sented by 2 N-dimensional real vectors and 2N X
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2 N real matrices as follows:

R __(J
a—= {aR7 aJ},Q.: (gJ ((:R)

where a®(a’) and QR (Q7) are the real (imaginary)
parts of the vector and the matrix respectively.

(5.11)

6. The Matrix Elements

In order to integrate the matrix elements prop-
erly, the integrands are split into a regular part
and a part, which can become singular:

Ap = A%E + Ape. (6.1)

The regular part obtained by subtracting the
singular terms (4.6) and (4.7) from the Green’s
function (3.7) and its normal derivative (3.8) are
integrated in lowest order using the midpoint rule.
This approximation is sufficient because the po-
tential @ itself is approximated by a piecewise con-
stant function resulting in quadratic convergence
of the solution.
The regular matrix elements become

ATeE At saj2
4 27

’ (Gpp'(lf+1/2 > XI,+ 1j2) —

(6.2)

Gﬁ;“““(xm/z, Ki+1/2)) -

To avoid numerical difficulties at the singular
point r=7r',{ ={’, the diagonal elements are treated
in a different way when both variables belong to
the same boundary:

Agjrap 1. .
—S T 15+ 1)+ ] —1). (6:8)

where the notation used is

reg__
AJ'?

Gllfp (xi+1/2, Xl’+ 1/2)
— G (1541725 Liv12) - (6.4)

The matrices B, C, D, E, F are treated analogously.

To obtain the singular part with the same ac-
curacy, the logarithmic terms have to be properly
integrated. The following integrals have to be taken:

i zZ+
8(z,2_ 3242 )= [dy [dyln(s —z) (6.5)
z-f 2=
and

In (2, - Z) ’
(6.6)

g(z+s —1z+7

2
fdxfdxa
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where 2’ =2'(y) and z=2z(yx) are complex functions
on the boundaries defined by (4.8). These integrals
are approximated by formulas which are exact if 2’
and z are linear functions of " and y respectively:
z=20+21x. A regular function f(z’,2) as factor
in front of the logarithm in (6.5) is approximated
by its mid-point value. For s and g one gets

s(z:‘_,z'_;zﬁz_) =3Ay A4y
'(_3 T =) e —)
(@4 — z+)2 In (2} —24) + (2L —2)2
‘In(zl —z-) —(zf —2-)2ln (2 —2-)
— (2. —2z)2In(z_ — z+))> (6.7)
and
F o Ay
g(Z+,Z_,Z+,Z_) = (VZ+ — )
(2 —z-)In(2y —z-) + (21 —24)
‘In(2_ —24) — (2} —24)In(z], —2y)
—(2_ —2z)In(z_ —z.)) (6.8)

where Ay = 7+ — 3=, Ay = 5+ — 1_ .
The singular parts of the matrix elements are then
o5ine
Re s(zpr+1, 2pi; 2pj+1, 2pj)
m Ay (145412 B (L4 12402 B2

. 1
A;";“g = 'nzzr/z M g (2pi+1, 2pis Zpj+1s 2pj) 5
72 . B2
pi+1/2 . i
e i RN C§1ng’
2(1 + rf,,-+1/2)h2 Cot+1/2 05
Bj.,i“g (6.9)

- Ne s(2pi41, 2pl; 2sj+15 2sf)
A ygi1sa (14725541 B2)VA(1 4 25, 4 0h?) 14

The diagonal elements of the matrices for which
both variables belong to the same boundary have
to be considered by particular care. Because the
principal values of the integrals have to be taken,
one gets

Ayjr12 Re(— 3 + 21n (2pj41 — 2pg))

COsing ,
o 27 (1 + r%pj 41 B2)12
(6.10)
; r2p14 12 h®
A?}ng = e RE Cp]+1/2 C

2 (1 + 7'%]‘+112 hZ)
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The singular parts of D, E and F are obtained by
replacing the index p by s in all j terms.

7. Test Results

The procedure presented for computing the
vacuum field perturbation energy is installed in the
HERA code and has been successfully applied to
stability studies of helical equilibria [10]. A typical
cross-section and a view of the plasma surface of
such an equilibrium are shown in Figs.1 and 2.
These equilibria are surrounded by a vacuum
bounded by a conducting wall of the same shape
as the plasma surface, similarly enlarged by a
factor Rext.

In the continuum limit the energy matrix W in
(5.10) has to be Hermitian, which is only approxi-
mately satisfied in a finite mesh. A measure of the
deviation from that symmetry is given by

> (Wu— Wi (Wi — W)

_ hi=1

a2 = (7.1)
> W W3

jl=1
In Fig. 3 the symmetry function ¢2 is plotted as a

function of n * for a case with Rext = 2.

SM e 1077

4

F% % & P
z

Fig. 3. The asymmetry o2(= SYM) of the W matrix as func-
tion of the number of intervals n,.
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vergence. Given for comparison are the correspond-
ing values obtained by the alternative vacuum
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